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Chapter 1

Introduction

1.1 Grothendieck’s esquisse d’un programme

In 1984 Grothendieck submitted his research proposal ’esquisse d’un pro-
gramme’, [Gro97], for a position at the Centre national de la recherche
scientifique. It outlined a program to study the absolute galois group of the

rationals, Go = Gal(Q/Q), via its action on geometric spaces.

The idea comes from the fact that given a scheme X defined over Q,
there is a natural action of Gg on the scheme of geometric points X xg Q.
Grothendieck singled out the moduli space of genus g Riemann surfaces
with n boundary components, M, ,, as being of particular interest. He also
decided to not study the action of Gig on the space itself, but rather on its
étale fundamental group 71(M,.,, xg Q).

Recall that the étale fundamental group is defined as a limit of automor-
phism groups of covering maps. Hence moving to the fundamental group
allowed Grothendieck to change the problem from being about spaces to a
problem about covering maps. This allowed for the application of technology

such as Belyi’s theorem:

Theorem 1.1.1. A non-singular complex algebraic curve X is defined over Q



if, and only if, there is a branched covering X — CP' ramified at {0,1,00}. In
other words, if, and only if, there is a covering space map X — CP'\{0,1,00}.

See [Bel8(] for a proof. Recalling that the moduli space My, is in fact
given by CP!, Belyi’s theorem gives us a door to access the action of Gg on
m1(Moa Xo Q). Specifically, it allows us to prove that this action is faithful.
This can be seen by considering the corresponding action on elliptic curves

and their j-invariant.

Thus we have established that G is a subgroup of Aut( (M4 xgQ)) =
Aut(f*}), where F} is the profinite completion of the free group on two letters
(see Definition for the definition of profinite completion). It is too much
to expect this inclusion to actually be an isomorphism (and indeed this is not

true).

However, Grothendieck then suggested we examine the action of Gg on
the collection of all étale fundamental groups 71(M,, Xg Q), along with
certain 'nice’ maps between them induced by inclusion of subsurfaces. This
is known as the Teichmiiller tower, which we denote by 7. Adding in this

extra structure should shrink the automorphism group, getting us closer to Gg.

Note that the action of Gig on this tower is faithful as it is faithful on the
level 71 (M4 xg Q). Hence Gg embeds in Aut(T). Grothendieck conjectured

that this is in fact an isomorphism.

One large problem is that we do not know what the exact definition of
a 'nice’” map should be. Morally, the correct definition should be whatever
makes Grothendieck’s conjecture true, but there are many proposed models
for 7. One approach, which is the approach we adopt in this thesis, is to
model 7 using the theory of operads. The key insight for this approach is
that inclusion of a subsurface F' < S can be viewed as giving a decom-

position of S as the result of gluing the surfaces F' and F¢ along their boundary.



An operad can be viewed as a collection of objects in a category C,
parametrised by trees, along with morphisms between these objects. These
morphisms should in a rigorous way model the operation of gluing trees
together. Note that we can view a surface as being a tree with one vertex and
the same number of legs as boundary components. Gluing together surfaces
along boundary components is entirely analogous to gluing trees along legs,

giving a link between operads and low dimensional topology.

This is, however, limited. For one, this approach completely forgets any
genus data. For another, given two trees T} and T3 the theory of operads
only allows us to glue one leg of 75 to one leg of T7. For instance, in this
formalism we cannot model the operation of gluing two boundary components
of the same surface together, increasing the genus by 1. This is an important

operation and should be included in the definition of the Teichmiiller tower.

The limitations of operads lead us to the theory of modular operads.
These are in a rigorous sense normal operads with an extra genus structure
and contraction maps that increase genus. In Chapter 2 we define modular

operads and review their basic theory.

Another problem that arises is that we need to understand how operads
and their modular counterparts interact with the operation of profinite
completion. It turns out that the profinite completion of a (modular) operad
will not in general be a (modular) operad. However, in certain nice cases
they will be (modular) operads "up to homotopy’, henceforth referred to as

oo(-modular) operads.

To model this concept, we redefine modular operads as presheafs on a
certain graphical category defined in Chapter 3. Then in Chapter 4 we
formally define our model of co-modular operads and describe some situations
in which the profinite completion of a strict modular operad can give an

oo-modular operad.



Next, in chapter 5 we define the modular operad we want to use to construct
a model of 7. However, we are not able to see if this operad fits into the 'nice’
cases in which profinite completion gives an oo-modular operad. This is due
to a hard problem about the topology of surfaces. We will however show in
Chapter 6 that these criteria hold in genus 0, which allows us to show that the

profinite completion of an associated cyclic operad is co.

1.2 The nerve theorem for simplicial sets and
oo-categories

Recall the definition of the simplez category A: Its objects are given by sets
of the form [n] = {0 < 1 < ... < n} and its morphisms are given by order
preserving functions. A simplicial set is then a functor X : A? — Set.
It is a standard fact (see, for instance, [Wei94]) that the morphisms of A are

generated by a special class of functions called codegeneracies and coface maps:

Definition 1.2.1. A codegeneracy s : [n + 1] — [n] is given by

J J<i
7—1 3>1

s'(j) =
Similarly a coface map d' : [n — 1] — [n] is given by

J J<i
J+1 j=>1

d'(j) =

These morphisms also satisfy the cosimplicial identities. Hence to define
a simplicial set it suffices to give a collection of sets {X,|n € Zso} with
degeneracies s; : X,, — X, 41 and face maps d; : X,, — X,,_1 satisfying the
simplicial identities, which are obtained by dualizing the cosimplicial identities.

Explicitly, the face and degeneracy maps must satisfy the following relations:



d;d; = dj_1d; 1<
d;s; = sj_1d; 1< 7
djsj =1=dj115;

d;sj = sjd;i—y 1>7+1

S$iSj = Sj4+18i 1 S ] +1

\
It is possible to view the objects of A as being graphs. We can represent
[n] as being a linear graph with n vertices, n + 1 edges and no branching. See

the example below:

Example 1.2.2.

0 () 1 () 2 (M 3
-/ -/ -/

This is a graph representing the object [3] € A.

This in fact gives a natural description of A°?. The degeneracy s; is given
by inserting a vertex between the ith and (¢ + 1)th vertices. Similarly, the
face map d; is given by contracting the edge between the ¢th and (i 4+ 1)th

vertices.

Simplicial sets are a natural setting for abstract homotopy theory. For us,
their main use is in giving a model of an co-category. An oco-category is meant
to be a ’category’ in which composition of morphisms is only well defined up
to homotopy. There are several different models of co-categories and the two

we shall discuss, Segal categories and quasi-categories, both use simplicial sets.

Let C be a small category. The nerve of C, denoted BC is a simplicial
set with BC,, = {4y L Ay QLY A}, the set of all strings of composable
morphisms of length n. In other words, BC, is the functor category CI",

where [n] = {0,1,...,n} is viewed as a category with morphisms given by the



order on [n]. The face maps d; are given by composing the morphisms at the
ith place for 0 < i < n and removing the first (respectively last) morphism
for i = 0 (respectively, i = n). The degeneracies s; are given by inserting the

identity at the ith place.

Since categories are (in some sense) easy, it is worthwhile knowing when
a particular simplicial set is isomorphic to the nerve of a category. This
question was answered by Segal in [Seg68], though the result is attributed to

Grothendieck. The answer involves the Segal condition, which we now define.

Let X : A — Set be a simplicial set and consider the limit of the
diagram X LN X0 & X LI Xo & X1, hereby denoted X7 X x, ... X x, Xi.
For every n, there is a natural map X,, — X; X, ... Xx, X1 (where there are
n factors), called the Segal map. This is induced by the maps a; := X (o),
where o' : [1] = [n] is given by 0 — ¢ and 1 — 7 + 1.

Definition 1.2.3. A simplicial set X : A’ — Set satisfies the Segal condition

if the Segal maps X,, = X; Xx, ... Xx, X1 are isomorphisms for all n € N.

One way of understanding the Segal condition is by viewing X, as a set of
objects and X as a set of morphisms connecting those objects, with d; giving
the domain and dy the codomain. The Segal condition then says that every
n-simplex can be represented uniquely as a string of compatible 1-simplices.
In fact, this is exactly the proof of the Nerve theorem, which states that a
simplicial set is the nerve of some category if and only if it satisfies the Segal

condition.

Another answer to the question is given by the inner Kan condition. This
is a somewhat more elementary condition to check than that given by the
Segal condition. It is given by a filling condition similar to that of a fibration

of simplicial sets using the horns A}.

Definition 1.2.4. The kth horn of Aln| (where A[n] := Homa(—, [n])), de-

8



noted by A}, is the union of the images of d; for ¢« # k. A kth horn in a
simplicial set X is a map of simplicial sets (i.e. a natural transformation)
A} — X

Considering the algebraic nature of simplicial sets it would be reasonable
to expect a combinatorial description of a A} horn inside a simplicial set X.

This is given by the following lemma:

Lemma 1.2.5. Let X be a simplicial set. Then a A} horn inside of X is
exactly the data of n (n — 1)-simplices (oy, ..., 0k_1, Ok41, ..., 05 ) such that for

all Z,] 7é k we have diO'j = a;j-10; if i < j

Note that these relations are automatically satisfied by
(doo,...,dg—10,dg410,...,d,0) for any n-simplex o. This means that we
have a canonical map H}! : X,, = A}(X), where A} (X) is the set of A¥-horns
in X. We say that a Aj-horn can be filled if its pre-image under H is

non-empty.

Using this description, we can analyse the horns of BC for a category C.
To start with, consider a A? horn. This is given by the data of two 1-simplices
(morphisms) fy: A — B and f; : C — D such that dyfs = dy fy. Note that
for a 1-simplex g : X — Y we have that doyg = X and dyg = Y. Thus from
the above we have that (fy, f2) forms a A? horn if and only if B = C. In this
case we can compose fy and f; to get a 2-simplex A 2B D and so every
A? horn in BC can be 'filled’ to a A% simplex.

Next, let (0¢, 02,03) be a A? horn. Write out o; = A; B, % ¢, Then
we know that dyos = dyog, dyoz = dyog and dyos = dyoy. What this translates

to are the following equalities:

Bo B0y = A" 0y, By B Cy=A, % By, As B By= 4, BB,

The most important equality here is the second. This says that the last

morphism in o3 is equal to the first morphism in oy3. This means that we

9



can paste together these 2-simplices to get a 3-simplex. To be precise, since
C3 = By, we can add on gy : By — Cj at the end of o3 to get the 3-simplex
Az f# By B8 €3 = By 8 Cy. 1t is easy to verify that this gives the horn

(00, 09,03). This leads us to the following:

Definition 1.2.6. A simplicial set X satisfies the inner Kan condition if given
any n,k € N with 0 < & < n, H} is bijective. That is, if every horn can be
uniquely filled.

The above discussion can be generalised to show that the nerve of a cate-
gory always satisfies the inner Kan condition. Another statement of the nerve
theorem is that the converse also holds. In summary, a simplicial set X is the
nerve of a category if and only if it satisfies the inner Kan condition. Collecting

these statements we have the following:

Theorem 1.2.7. Let X : A? — Set be a simplicial set. Then the following

are equivalent:

i) There exists a small category C such that X = BC.
ii) X satisfies the Segal condition

iii) X satisfies the inner Kan condition

This theorem suggests that we can acquire models of oco-categories by
weakening conditions corresponding to the uniqueness of composition in
categories. A quasi-category is a simplicial set X such that H} : X,, — A} (X)
is surjective for all n > 0 and k € Z with 0 < k < n.

If we have a simplicial object in some model category we then get another

model. A segal category is a simplicial object X such that the segal maps

X, — Xi Xx, .- Xx, X1 are weak equivalences.

10



1.3 Topological graphs

In this thesis we use two different combinatorial definitions of graphs. The
first description we give was introduced by Getzler and Kapranov in [GK98].
This description is included mostly for historical reasons as it was used
in the original formulation of modular operads. The second combinatorial
description, referred to as a Feynman graph, was introduced by Joyal and
Kock in [JK11]. This description is better suited to describe the operation of

graph substitution and provides a good model of co-modular operads.

However, our thinking in both of the combinatorial descriptions is guided
by the intuitive notion of topological graphs. In this section we shall give
a definition of a topological graph and in this setting introduce and give
examples of terminology that will be used throughout this thesis. It is worth
noting that while certain descriptions are better suited for certain situations,

they are all equivalent.

Definition 1.3.1. A topological graph G is a pair (X, V'), where X is a locally
finite 1-dimensional CW-complex and V' C X is a finite collection of 0 cells of
X such that X \ V is a 1-manifold without boundary and with finitely many

connected components.

Example 1.3.2. An example of a topological graph is

Here, there are three vertices, 8 edges and 3 legs.

11



A wertex of (X,V) is an element of V' and an edge of X is a connected
component of X \ V. The exceptional graphs are those such that V' = (. An
arc is an edge with a choice of orientation. Let A be the set of arcs of X.
Then by swapping the chosen orientation we get a fixed-point free involution
i: A— A Given an arc a we often use the notation a' for the arc with the

same underlying edge as a but with the opposite orientation.

Note that as X \ V' is a manifold without boundary, every connected com-
ponent must be homeomorphic to S* or (0,1). Given an arc a homeomorphic
to (0,1) we can find an embedding f : (0,1) — X with image equal to the
connected component given by a that induces the chosen orientation. We say
that a is attached to the vertex v € V if lim;_,; f(¢) = v.

Note that as X \ V is a manifold without boundary, lim;; f(¢) must
always be an element of V if it exists. This defines a partial function
t: A4 V and we denote the domain of t by D. Given a vertex v, we
define the neighbourhood of v to be nb(v) = t~'(v). It is then clear that
D =1],cy nb(v). If t(a) does not exist, we call a a leg of G. The boundary of
G, denoted 0(G), is the set of legs of G, that is 9(G) = A\ D.

A corolla is a connected topological graph with a single vertex and no
loops. That is, for any arc a exactly one of a or a is a leg. We denote the
corolla with n legs by *,. Given a topological graph X and a vertex v € V' we
can define the corolla %, as being the subcomplex of X with v the only 0-cell

and all edges connected to v as its 1-cells.

Corollas are important because they generate all non-exceptional graphs.
This means that if we associate an object in a category C to each corolla,
we can use this information to assign an object to all graphs. This is the
principle behind the definition of modular operads in Section 2. This idea is

made precise by the following theorem:

Theorem 1.3.3. The corollas generate all non-exceptional connected topo-

12



logical graphs in the sense that every graph X which is connected and not
homeomorphic to an exceptional edge or loop can be obtained by identifying

legs of corollas.

1.4 Mapping class groups

Let S be a compact surface of genus ¢ and n boundary components. All
surfaces in this thesis are assumed to be orientable. There is an important
group associated to S called the mapping class group. This is essentially the

group of symmetries of S up to homotopy.

Explicitly, let f:S — S and g : S — S be homeomorphisms. We say that
f is isotopic to g if there exists a homotopy H : S x I — I such that H;(x) is

a homeorphism of S for all ¢t € I. If this is the case, we write f ~ g.

Now let Homeo™(S) be the group of orientation preserving homeomor-
phisms of S that fix the boundary pointwise. Then we have that the set
N ={f € Homeo"(S)|f ~ids} is a normal subgroup of Homeo™(S). Hence
we can define I'y,, = Homeo™(S)/N. If S has punctures we can define the
mapping class group in the same way and write I';", if S has m punctures, n

boundary components and genus g.

Definition 1.4.1. Let v : I — S be a closed curve in S. The Dehn twist
T, around + is the equivalence class in I'y,, of the homeomorphism defined
by taking a tubular neighbourhood ~(I) X [—¢, €] of v and taking T, to be
the identity outside of the tubular neighbourhood and (z,t) + (se*™,t) on
Y(I) % [—€,¢] = ST x [0, 2mi].

While this process does not define a unique homeomorphism it does define
a unique equivalence class in I'y,,. The Dehn twists are special because they

generate the mapping class groups.

13



Fundamental groups of surfaces fit into a short exact sequence involving
mapping class groups. Specifically, if S, ,, is a compact surface of genus g with

n boundary components, the Birman exact sequence is given by

Push, 11 a
1 —— m(Sy,) 2h ! e 1

where T’ |, is the mapping class group of Sy, \ {} for any 2 € S, ,. The
map Push is given by sending a homotopy class of curves [y] to the isotopy
class of the homeomorphism of S, ,, \ {«} given by ’pushing’ the point = along

a representative curve 7. The map « is simply given by forgetting the puncture.

This is proven using the long exact sequence of a fibration. Specifically,
one considers the long exact sequence on homotopy groups corresponding to
the fiber bundle Homeo*(S,z) — Homeo™(S) — S, where Homeo™(S) is
the set of orientation preserving homeomorphisms of S with the compact-
open topology and Homeo™ (S, x) is the subspace of Homeo™ (S) consisting of
homeomorphisms fixing x. A good reference for the Birman exact sequence is
[EM12]

1.5 Cyclic operads

In this section we outline the definition of an operad as given in [GK9§|. This
differs from the usual definition as it omits the unit axioms and the axiom
regarding the point * € P((0)).

For the rest of this thesis >, denotes the symmetric group on n letters.
For simplicity we also assume that all categories in this thesis are concrete so

that we can freely use elements.

Definition 1.5.1. An operad P in a symmetric monoidal category (C,®,I)

consists of the following data:

e A collection of objects {P((n))}n>o0.

14



e An action of ¥, on each P((n)).

e For every n,m > 0 and all 7 satisfying 1 < i < n maps
oi : P((n)) ® P((m)) = P((n +m — 1)).

This data needs to satisfy the following axioms:

i) The X, action is compatible with the maps o; in the following sense:
Given o0 € ¥, m € ¥,,,, a € P((n)) and b € P((m)) we have

(0a) o) (mb) = (0 0; m)(a o; b)

Here o o; 7 is the permutation defined by

7) 1<j<iando(j) <oli)

Q

o(j)+m—1 1<j<iando(j) > o(i)

o(j—m+1) i+m<j<n+mando(j) < o(i)

(
(
(com)(j) =S o(i)+m(j—i+1)—1 i<j<i+m
(
(

o(j—m+1)+m—-1 i+m<j<n+mando(j)>oi)
ii) For a € P((k)),be P((l)) and ¢ € P((m)) and 1 <1i,j < k we have
(@o;b)ojii1c=(aojc)o; b
iii) For a,b, c as before and 1 <i <k, 1 < j <[ we have
(@o;b)ojj1c=uao;(bojc).
Recall that given a simplicial set X the elements of X, can be viewed

as graphs formed by a straight line with n vertices and n + 1 edges (see
Example [1.2.2). The face maps and degeneracies are then represented by

15



collapsing and adding edges respectively. There is a similar interpretation of

operads; an element of P((n)) is a rooted tree with n inputs and 1 output.

If we label these trees so that the root is labelled 0 there is a natural X,
action on the set of labelled rooted trees given by permuting the non-zero
labels. Given a rooted tree T} with n inputs and another rooted tree T5 with
m inputs we can combine them to form a rooted tree T} o; T with n +m — 1

inputs by grafting the root of T5 to the ¢th input of 7.

The axioms for an operad just require that the operadic compositions o,

behave similarly to this grafting operation with respect to the X, action.

Definition 1.5.2. A cyclic operad P consists of the following data:

e An operad P

e An action of ¥, = Aut{0,...,n} on P((n))

Satisfying the following axiom: For any a € P((n)) and b € P((m)), we
have 7(a 0, b) = (7b) o1 (Ta), where 7 = (01...n) € &,,,

Cyclic operads can be represented by non-rooted trees. Note that we can
define operations o;; : P((n))@P((m)) = P((n+m—1)) by ac;;b = ao; 77b.
This can be thought of as attaching the jth input of 75 to the ith input of 7.

16



Chapter 2

Modular Operads

In this chapter we will give a review of the definition of modular operads
as given by Getzler and Kapranov in [GK98| and provide proofs of two
important characterizations. These characterizations of modular operads will

provide a link to the presheaf definition used later in this thesis.

This chapter largely follows [GK9S].

2.1 Getzler and Kapranov’s graphical cate-
gory

Here we describe a category of graphs I' with full subcategories I'((g,n)) for
each g,n > 0.

Definition 2.1.1. A graph consists of the following data:
e A finite set Flag(G)
e An involution i : Flag(G) — Flag(G)
e A partition of Flag(G) A.

The blocks of A are called wvertices and the set of equivalence classes is
denoted by Vert(G). A flag a meets the vertex v if a € v. If a is a flag with

17



i(a) # a, we call the set {a,i(a)} an edge. If a = i(a) we call a a leg. The

valence of a vertex v, denoted n(v), is |v].

Definition 2.1.2. A morphism of graphs f : Gy — G} is given by an injection
f*: Flag(G1) — Flag(Gy) satisfying the following conditions:

e iof* = f*i1, where i, is the involution in Gj.

e i, acts freely on the complement of the image of f*. Equivalently, f* is

surjective (and thus bijective) on legs.

e Two flags @ and b in G meet if, and only if, there is a sequence (zy, ..., 1)
of flags in Gy such that f*(a) = xo, ip(xj_1) meets z; forall 1 < j <k
and f*(zy) = b.

Given a vertex v € Vert(Gy), f~!(v) denotes the subgraph of G; given
by all flags a that are connected to a leg of v by a sequence of flags in the

complement of the image of f*.

This definition can be seen as saying that a morphism f : Gg — G} is given
by contracting subgraphs of G,. Specifically, GG; is obtained by contracting

all edges in the complement of the image of f*.

Given a graph GG we can construct a topological graph |G| in the following
way: Take a copy of [0,1] for each flag in G and identify 0 € [0, 1] for all
copies corresponding to flags in the same equivalence class. Then identify

% € [0, %] in any pair of copies corresponding to flags in the same orbit under 1.

Definition 2.1.3. A labelled graph is a graph G along with a function
g : Vert(G) — Zs¢. A stable graph is a labelled graph satisfying the extra
condition that 2(g(v) —1)+n(v) > 0 for all vertices v € Vert(G). A morphism
of stable graphs is a morphism of graphs such that g(v) = g(f~!(v)) for all
v € Vert(Gh).

18



The genus of a stable graph G is defined to be

9@ = g)+ma)),

veVert(G)

where £1(X) = dimg(H,(X)) is the first betti number of X. As
A1(|G]) = [Edge(G)| — [Vert(G)| + 1,
we can equivalently write this as

9@ = (9(v) = 1)+ [Edge(G)| + L.

veVert(G)

Theorem 2.1.4. There is a category I'' whose objects are stable graphs and

whose morphisms are morphisms of stable graphs.

Proof. First, given f : Go — G7 and h : G; — Gs, let ho f : Gy — G4 to
be given by f*h*. We need to show that this composition is a morphism of

stable graphs.

First, we have igf*h* = f*i1h* = f*h*iy as required. Next, note that as
both f* and h* are bijective on legs, so is f*h*. Now, suppose that two flags
a and b meet in Gy. Then there exist a sequence (x, ..., zx) of flags in G4
such that h*(a) = x¢, i1(x;_1) meets x; for all 1 < j < k and h*(z;) = b. As
i1(xj_1) meets x;, there is a sequence (yé, ey yflj) satisfying similar conditions
with f*. Then (4, ..., Yn,> Yo - Ye, ) is a sequence of flags in Gy satisfying the

required conditions for f*h*.

Thus composition of morphisms of graphs is well defined. That it is asso-
ciative follows from associativity of function composition. The identity id¢ is

then given by idpjag(q)- O

The category I is not quite sufficient for our purposes, so we enlarge it by

ordering the legs of all graphs.
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Definition 2.1.5. The category I" has pairs (G, p) as its objects, where p is an
ordering of the legs of G. Here an ordering is a bijection p : Z/nZ — Leg(G).
The morphisms in this category are morphisms of stable graphs that preserve
the ordering. There is a full subcategory I'((g, n)) whose objects are the graphs

with genus ¢ and n legs.

That T' is a category follows simply from Theorem [2.1.4 Note that
I'((g,n)) has a terminal object, denoted %,,, called the corolla of genus g
with n legs. The corolla *,,, consists of a single vertex v with g(v) = g and n

legs with no edges.

Lemma 2.1.6. There are finitely many isomorphism classes in I'((g,n)) for
all g,n > 0.

Proof. Let G € T'((g,n)) be any graph. Since every flag in G is either a leg
or part of an edge, we can see that ) _,, n(v) = 2|Edge(G)| 4 n. Subtracting
this formula from 3(g — 1) =3%", ./ (9(v) — 1) + 3|Edge(G)| we can see that

3(g— 1) +n=|Edge(G)|+ > [3gv)—1)+n(v)]

veVert(G)

Since G is stable, > v .[3(9(v) — 1) + n(v)] > 0. This gives that
|Edge(G)| < 3(9g — 1) + n which in turn shows

|Flag(G)] < 6(g — 1) + 2n.

There are clearly only finitely many isomorphism classes of graphs with a
particular number of flags, and so there can only be finitely many isomorphism

classes in I'((g,n)) as required. O

2.2 Modular operads

Let (C,®,1) be a distributive symmetric monoidal category with all finite

colimits. For example, the category of k-vector spaces k-Vec with the tensor
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product or the category of topological spaces Top with the cartesian product.

A stable X-module in C is a collection of objects
{V((g.n))lg,n > 0,29 — 2 +n > 0},

each of which has an action of the symmetric group >,,.

There is a category of stable »-modules, where morphisms are given by
collections of equivariant maps V((g,n)) — W((g,n)). Given a finite set [
with n = |I], let

Vig.=( II Vi)

Iso({1,...,n},I)

Note that this object has a natural Aut(I) action.

One can think of V((g,n)) as attaching an object in C to the corolla *,,.
Using the tensor product in C, we can naturally extend this assignment to all

graphs G as follows:

Definition 2.2.1. Let GG be a stable graph and V a stable ¥-module. Recalling
that a vertex v of G is a finite subset of Flag(G), define

V@)= & Vlgv).v)

veVert(G)

Theorem 2.2.2. There is a monad M on the category of stable YX-modules

given on objects by

MV((g,n)) = colim V((G)= [ VUG)aue

Gelso(T'((g,n))) Gell((g:m))]

Where [I'((g,n))] is the set of isomorphism classes in T'((g,n)).

Proof. First note that this monad is well defined on objects as by Lemma/|2.1.6

it is a finite colimit.
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We are viewing V as a functor from Iso(I'((g,n))) — C. We can do this
as an isomorphism of graphs can only exchange edges attached to the same
vertex that together form part of a loop. Hence this is just an automorphism
of v for every v € Vert(G) and using the tensor product together with the
Aut(v) action on V((x,)) we can get a morphism on V((G)).

Now, let f:V — V' be a morphism of stable ¥-modules. That is, f is a
collection of ¥, equivariant maps fy, : V((g,n)) — V'((g,n)). We need to
show that there exists morphisms Mf,, : MV((g,n)) — MV'((g,n)). This
follows from the more general statement that if n : ' = G is a natural
transformation of functors such that colim F' and colim G' both exist, then

there is a morphism colim 7 : colim F' — colim G.

To see this, let ¢x : G(X) — colim G be the morphisms making colim G
into a cocone over G. Then we claim that ¢ x = ¢xnx make colim G into a
cocone over F' so that by universality of colim F' there is a unique morphism

colimn : colim F' — colim G. This is a simple calculation:

Yy F(f) = oyny F(f)

= oy G(f)nx
= Qxx
= x
That colimnu = colimncolimy and colimidp = tdoim p follows from

uniqueness.

Now, to show that M is a monad we need to construct natural transforma-
tions 7 : id — M and p : MM — M. To define n we need to give a morphism
Ngn + V((9,n)) = colilgeryn)) V(G)) for all g,n > 0. To do this, we can

simply take the composition
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V((9:1)) = V((#gn)) = colim V((G))
Gl ((g.n)]

Now we need to construct p. Note that

MV((G)) = @uever(a) [T V(@awe= [T V)i

Gelso(T'((g(v),n(v)))) ICEdge(G)

Recall that morphisms in I'((g,n)) are given (up to isomorphism) by con-

tracting edges. This gives

M2V((g,n)) = colim V((Go))

itk y
Go—G1€1s02I'((g,n))

Where IsosI'((g,n)) is the category with objects diagrams of the form
Gy — G and morphisms isomorphisms of diagrams. The summand given
by f 1 Go = Gi 18 Qyevernay) Af T (w))) = A((Go)). By sending the
summand in M?V((g,n)) corresponding to Gy — G to the summand corre-

sponding to Gy in MV((g,n)) we get a natural transformation n : M* — M.

The details checking that these natural transformations satisfy the axioms
of a monad can be found in [GK98] O

Definition 2.2.3. A modular operad is an algebra over the monad M. That
is, it is a stable Y-module A along with a structure map A : MlA — A such
that the diagrams

M2A Mh s MA and A MA
l;m lh y lh
MA —2 5 A A

both commute.
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A morphism of modular operads f : A — A’ is a morphism of stable
Y-modules such that

MA —— MA’

L

A—L o n

commutes

Theorem 2.2.4. Let (C,®, 1) be a distributive symmetric monoidal category
with all finite colimits. Then the modular operads in C form a category, which
we denote by ModC.

Proof. Let f: A — A" and g : A" — A” be morphisms of modular operads.
Note that commutativity of the diagram

MA 295 ppg

lh‘A lh»AN

.A 9f A//

is equivalent to commutativity of

MA —— MA —— MA”

lhA lhA/ lhA//

A—T s 2 5
By functoriality of M. This then commutes as both f and g are morphisms

of modular operads. Hence composition of morphisms of modular operads is
well defined.

Next, as Mlid 4 = idy4 it is clear that the identity is a morphism of modular
operads. Finally, associativity follows from associativity of morphisms of stable
Y-modules, which in turn follows from associativity of morphisms in C.

O

Example 2.2.5. Let V be a chain complex with a symmetric inner product
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B(x,y) satistying B(z,y) = 0if deg x+degy # 0. The endomorphism modular
operad of V' is defined by E[V]((g,n)) = V®™. The action of ¥, is given by

permuting factors. We then have

EVI((Q)) = ® ekl o 7@ vevera) V) o 1/ @Flag(@)
veVert(Q)

In particular, E[V]((*,.,)) = E[V]((g,n)). Thus we can define a morphism
B®Fdse@) . g[V]((G)) — E[V]((g,n)) by applying B to factors corresponding
to a pair of flags in the same edge. By the universal property of a colimit, this
gives a structure map ME[V] — E[V]. It can be shown that this structure

map does indeed make E[V] into a modular operad.

2.3 Modular operads as functors

Given a stable Y-module A we can define a functor’ I' — C on objects as
in Definition 2.2.11 It is natural to ask when this can be extended to a true
functor from I' to C. The results in this section show that we can do this

exactly when A is a modular operad.

To be precise, a modular pre-operad is a stable Y-module A together with
a structure map h : MA — A. Given a modular pre-operad and a graph
G €T((g,n)), let hg be the composition A((G)) — M.A((g,n)) N A((g,n)).

Now, given a map f : Gy — Gy, define A((f)) to be the composition

A(G)) = @ A ) SILI A((@)

veVert(Gy)

Lemma 2.3.1. A modular pre-operad A is a modular operad if and only if
A((id,, ) = idagx,.,)) and A((fg)) = A((f))A((g)) for all maps of the form
Go i> Gl i) *g,n'

Proof. First, note that id4(gn)) = A((ids,,.)) = hngn as 1y, is by definition
the map A((g,n)) = A((*4n)) — MA((g,n)). Thus h satisfies the unital
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axiom of a monad.

Next note that the required condition is equivalent to commutativity of

the following diagram for all f : Gy — G

A((Go)) 2% A((ah))
e %
g,n))

To see associativity, recall that a summand in MA((g,n)) corre-

A((

sponds to a morphism f : Gy — G; and that this summand is actually
Queveri@ A((fH(w))).  Then the map Mh is given by sending this
summand to A((G1)) by collapsing each f~!'(w) using h. This is just the
map A((f)). Then by commutativity of the above diagram we can see that
h satisfies the associativity axiom on all summands of MLA((g,n)) and thus

satisfies it for MIA itself. Hence A is a modular operad.

Conversely, by an entirely similar argument we see that if A is a modular
operad then A((id.,,)) = id4(x,.,) and that the above diagram commutes.
[

We then have the following characterization of modular operads:

Theorem 2.3.2. A modular pre-operad is a modular operad if, and only if, it

induces a functor A: T — C.

Proof. By Lemma if A induces a functor it is also a modular operad.

Conversely, let A be a modular operad and f: Gy — Gy and g : G; — G»

be any morphisms. Then again by Lemma [2.3.1| we have

A(((g)"Hw) = f7Hw) = #4)) = A(f T (w) = #0))A(((gf) " (w) = 7 (w)))

for all w € Vert(G3). Hence the composition A((g))A((f)) can be written

as
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AG) 2 R Al @) S A(G))

weVert(Ga)

which is exactly A((gf)). O

Corollary 2.3.3. Let A and A’ be modular operads. A morphism of stable
Y-modules n : A — A’ is a morphism of modular operads if, and only if,

na = Quev fow)o gives a natural transformation of functors.
Proof. The naturality diagram for 7 is

nG

A((Go)) —— A'((Go))

lA((f)) l (M

A((G)) = A((G)
where [ : Gy — (1 is any morphism. Note that

ne o A(f) = Q) e, 0y

veVert(Gy)

and

A((f) ong, = ® h/f—l(v) CNf=1(v)

veVert(Gy)

Hence commutativity of the naturality diagram is equivalent to the commuta-

tivity of

A((G)) —— A((G))

th lhlc

n*q,n /
A((kgn)) —— A'((xgn))
for all G € T'((g,n)). Noting that h is the sum of hg over all G € T'((g,n))

we can see that this is in fact equivalent to commutativity of

27



MA 7 MA!
lh lhf
A" s n

as required. O

2.4 Modular operads as cyclic operads with

extra structure

Here we show that modular operads are cyclic operads with extra structure; a

grading given by genus and ’contraction maps’ that increase genus.

Definition 2.4.1. A stable graded cyclic operad is a cyclic operad P with a

Y,-invariant decomposition

P(m)= TI Plgn+1)

920
2(g—1)+n>0

where P((g,n)) is a stable ¥-module such that the action of ¥,, on P((n))
is induced by the ¥, action on P((g,n + 1)). We also require that for all
g,h,n,m > 0 with 2(g — 1) +n > 0 and 2(h — 1) + n > 0, there is a map
o A((g,n)) ® A((h,m)) — A((g + h,n +m — 2)) making the following

diagram commute:

A((g,n)) © A((h,m)) —— A((n — 1)) @ A((m — 1))

lo‘.”h loi
3

A((g+h,n+m —2)) ——— A((n+m — 3))

Remark. The shifting to n 4+ 1 in the above decomposition is because P((n))
should represent operations with n inputs and 1 output. Whereas P((g,n))
is representing a corolla with n legs. As such, when talking about labelled

graphs in the context of stable graded cyclic operads we consider the ordering
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as starting at 0 and ending at n.

Also, note that given a stable graded cyclic operad P, Py((n)) = P((0,n+

1)) inherits the composition maps from P and is a cyclic sub-operad.

Lemma 2.4.2. Let A be a modular operad. Then A((n)) =[], A((g,n+1))

is a stable graded cyclic operad.

Proof. We need to construct maps o; : A((n)) ® A((m)) = A((n +m —1)).
As C is distributive, A((n)) ® A((m)) = [, 50 Al(g,n + 1)) @ A((h,m +1)).
Let G be the graph given by attaching the Oth leg of *j,,,+1 to the ith leg of
*gnt1. Note that A((G)) =2 A((g,n+ 1)) ® A((h,m + 1)).

We can define of”" = A((f)) where f : G — G/I is the map given by

collapsing the internal edge of G. Note that G/I = %gyj nim so that the
codomain of 0" is A((g+h,n+m)). We can compose o?" with the inclusions
A((g + h,n+m)) = 1,50 Ag,n +m)) = A((n +m — 1)) to get maps
A((g,n+1)) ® A((h,m + 1)) = A((n +m — 1)). Summing over all g,h > 0

we get maps o; : A((n)) ® A((m)) = A((n +m — 1)).
These maps satisfy the axioms of Definition because the corresponding
operations on graphs satisfy them. O

Corollary 2.4.3. Let A be a modular operad. Then Ay((n)) = A((0,n+ 1))

is a cyclic operad
Next we have the last characterisation of modular operads.

Theorem 2.4.4. Let A be a graded cyclic operad with contraction maps & j :
A((g7j)) — A((g + ]-a I \ {Zvj})) satzsfymg ga(i),a(j) 0 =0 - gz}j (henceforth

referred to as equivariance) for all o € ¥,. Then this data gives a modular

operad if, and only if, the following relations hold:

o For any finite set I and distinct elements i, 3, k,l € I we have & jo&,; =

sz,z o fi,j

29



o [fae A((n)) and b € A((m)) then & 2(a o, b) = (&12a) 0, b
o With a,b as before, we have &, ,41(a o, b) = a o, (&1,20)

e With a,b as before, we have &, 1,(a 0, b) = &ym—2nim-1(a 0p_1 771D)
where T = (01...n) € X,

Proof. For the forwards direction, by Lemma [2.4.2| we already have a stable
graded cyclic operad. Hence we just need to construct the contraction maps

& ; and verify that they satisfy the above relations.

To do this consider the graph GG with one vertex v of genus g, set of flags
I and one edge e formed by the two flags ¢, 7 € I. This is a contracted corolla

and an example is shown below

We then have A((G)) = A((g,I)) where I is the set of flags in G.
Let f : G — G/e be the map given by contracting the one edge e
of G. Since we have A((G/e)) = A((g + 1,1\ {i,7))} we can define
§ij = A((f)) - Allg, 1)) = Al(g + LT\ {i,j})).

The fact that & ; as defined obeys the relevant relations follows from the

fact that the corresponding operations on graphs obey these relations.

Conversely, suppose that A is a stable graded cyclic operad with con-
traction maps & ; : A((g,1)) = A((g + 1,1\ {¢,7})) satisfying the above
relations. We shall use this information to define a functor A : ' — C. Given
such a functor, the maps G — #,,, induce a morphism h : MlLA — A and by
Theorem this will make A into a modular operad.
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First, we define A on objects by the usual formula and on isomorphisms
using the same method as in the proof of Theorem [2.2.2] Recall that every
morphism in I' is a series of contractions followed by an isomorphism. Hence

we only need to define how A acts on contractions of single edges.

We have two cases to consider. First we consider the case
f : G — G/e where the edge e has distinct endpoints v and v’. Then
A((G)) = A((H)) @ @y Al(g(w),w)) where H is the subgraph of G
with vertices v and ¢, single edge e and legs the legs of v and v'. H/e has
one vertex ¥ and we have A((G/e)) = A((9(V),7)) ® @)z o Al(g(w), w)).
Noting that n(v) = n(v) + n(v") — 2 we can define A((f)) = O‘Z’Jh ® @yt 1,

where i and j are the legs of v and v’ respectively that make up e.

Next we consider the case f : G — G/e where the edge e has just one

endpoint v. Similarly to the first case, if ¢ and j are the flags making up e, we
can define A((f)) = &; ® @, id.

To show that this gives a well defined functor A : I' — C
we need to show that if e; and ey, are two edges in G then
A((G = Gles — (G/er)/es)) = A(G — Gles — (Gles)/er)). If e
and e; do not meet then the result is clear. If they do meet, well definedness
can be checked by examining the four possible ways a graph can have two
internal edges and using the relations to check that the result is independent
of our choice. More details can be found in [GK9S]

Finally, as mentioned above, this gives a map h : MLA — A. Specifically, h
is defined by summing A((G — *,,)) over all G € I'((g,n)). By construction
the pre-modular operad (A, h) induces the functor A and so by Theorem m

A is a modular operad. ]

Corollary 2.4.5. Let A and A’ be modular operads. A morphism of stable
Y-modules n : A — A’ is a morphism of modular operads if, and only if, n

commutes with the contraction maps and operadic composition.
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Proof. This is just a restatement of Corollary
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Chapter 3

The stable graphical category
Ust

In this section we define the stable graphical category U and sketch the

relation between presheaves on this category and modular operads.

3.1 Feynman and stable Graphs

We shall use a combinatorial definition of a graph, known as a Feynman graph,
which were introduced in [JK11]. For the rest of this section, fix some infinite
set S.

Definition 3.1.1. A Feynman graph G is a functor from the category

i A Dty

to the category of finite subsets of S and functions between them such

that G(7) is a fixed point free involution and G(s) is a monomorphism.

The vertices of G are the elements of G(V') and the arcs are the elements
of G(A). From now on these will just be denoted by V and A, and G(D) by D.
We can then form a category G of graphs, with the morphisms being natural

transformations.
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Remark. The requirement that A, D and V are subsets of S is a set-theoretic

requirement to ensure that G is a small category

The set D in the above definition can be thought of as the set of arcs in
G that are attached to a vertex. The partial function ¢ then sends this arc
to the vertex it is attached to (if it exists). The involution ¢ is the function
that swaps the orientation of an arc a. Thus we define an edge to be a pair
{a,i(a)}. We often write a' for i(a). It is important to note that this definition

does not require an arc to be attached to a vertex.

Example 3.1.2. Here is an example of a topological graph

As a Feynman graph, it is defined by V = {st}, D =
{a,i(a),b,i(b),c,i(c),i(j),i(k),i(l)} and A= D U{j,k,l}.

Given a Feynman graph G we can construct a topological graph |G|.
Recall from Definition that a topological graph is a pair (X, V) where
X is a one-dimensional CW-complex and V' C X a finite subset of X such
that X \ V is a l-manifold with finitely many connected components. This

construction will be made explicit in Lemma |3.1.3]

Similarly, given a topological graph (X,V’) we can construct a Feynman
graph as follows: Take V' to be as given and let A = mo(X\V) [[mo(X\ V). For
each element a € my(X \ V') choose a particular orientation and label it (a,0).
Let (a,1) be a with the opposite orientation, and define i(a,j) = (a,j + 1)
where addition takes place modulo 2. Define a partial function t : A — V
by (a,i) — lim,; f(z), where f : (0,1) — a is a parametrization of the
I-manifold a respecting the chosen orientation. Let D be the domain of ¢

and s the inclusion of D in A. We say that a topological graph (X,V) is a
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realization of the Feynman graph G if G is induced by (X, V') in this way.

Note however that the Feynman graph given by A = {a,a'}and D =V = ()
does not have a unique realization. Both (S',0) and ((0,1),0) induce this
Feynman graph. However, this is the only time this can occur, as outlined in

the following lemma:

Lemma 3.1.3. Suppose that G is a Feynman graph such that for every pair
of arcs {a,a’} at least one of t(a) or t(a') exists. Then there is a unique (up

to isomorphism) topological graph |G| that induces the Feynman graph G

Proof. Let |V| be any collection of #V points in R® and let f : V — |V|
be any bijection. Given an arc a € A, if t(a) exists attach a half open line
segment to f(t(v)). If ¢(a) does not exist, do nothing. Finally, if both t(a)
and t(a') exist, form the quotient space by identifying the two corresponding

line segments. Call the resulting space |G|.

Note that the condition that at least one of t(a) or t(a') exists guarantees
that every arc in G is induced by one in X. This is because the edge corre-
sponding to either one of these will have two orientations, one corresponding
to a and the other to a'. Considering that gluing instructions uniquely deter-
mine a CW-complex, it is clear that this construction is unique and induces
V and t correctly. O

To finish off, we give several important properties and objects related to

graphs, starting with connectedness.

Definition 3.1.4. A Feynman graph G is connected if the functor
Homg (G, —) : G — Set preserves coproducts.

This definition mirrors the statement that a topological space X is con-

nected if and only if Homyep (X, —) preserves coproducts.
Definition 3.1.5.

e The neighbourhood of a vertex v € V is nb(v) := t~(v).
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e The boundary of a graph G is 0(G) := A\ D = A\ [[,c nb(v).

e The wvalence of a vertex v is |v| = |nb(v)| = n(v). Similarly, let n(G) =

9(G)]-

Example 3.1.6. Recall the graph GG in Example|3.1.2l The boundary of G is
(G) ={i,j, k}.

Definition 3.1.7. The corolla with n legs, denoted C), is the graph defined
by V = {v}, A= {ay,dl,...,a,,al} and nb(v) = {as, ..., an}.

Given a vertex v in a graph G, the corolla C, has v as its only vertex

and A = nb(v) []i(nb(v)). For a € nb(v), we define t(a) = v and leave t(a)

undefined for a ¢ nb(v). The involution 7 is defined in the evident way.

*3 ! *g ot
f i aE bi .

The left graph here is %3, and the graph on the right is *, for the vertex s

Example 3.1.8.

in the graph from Example [3.1.2

Finally, to motivate the eventual definition of a graphical map, we need to
introduce the notion of graph substitution. Suppose that G is a stable graph
and {H,},ev is a collection of stable graphs satisfying 0(H,) = i(nb(v)) for
all v € V. The substituted graph G{H,} is given by replacing each vertex v

with H,, as in the following example:
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Example 3.1.9.

Here the rightmost graph is the result of substituting H, into the vertex v.

3.2 Graphical maps

Here we will define graphical maps. These morphisms model the idea of sub-
stituting the collection {H,},cy into the graph G. For our purposes, H, will
represent surfaces and this substitution represents the process of gluing these
surfaces together using the graph G as gluing instructions. For now, we need

to formalise the idea of a subgraph, which leads us to embeddings.

Definition 3.2.1. An étale map is a morphism of graphs f : G’ — G such
that the rightmost square in the following diagram is a pullback.

v A< D Ly

| ll)fD | ‘l/fv

i A <

t

The étale condition says that if v € f(V’) and a € t~'(v), there must exist
an o' € D' such that f(a’) = a. In this sense, it can be seen that an étale
map is locally valence preserving; hence the name. Now we must define what

it means to embed a graph G’ into another graph G.

Definition 3.2.2. An étale map f : G' — G is an embedding if fy is a

monomorphism.
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Thus an embedding is a local isomorphism that is injective on vertices.
When G is connected we write %(G) for the set of all embeddings
f: G — G, with G’ a connected graph. In a sense this can be seen as the
set of subgraphs of GG'. Equivalently, one can think of E?n/b(G) as giving the
possible ways of building G via graph substitution. As noted above, this is in

fact how we will use this set in future.

Lemma 3.2.3. Suppose that the following diagram is a pullback in a category
C:

p2

P— A
lpl lg
s QNG

Then p; is a monomorphism if g is.

Proof. Suppose that hy,hy : D — P are morphisms with p;h; = pihe. We
then have gpohy = fpih1 = fpihe = gpaho. Hence pohy = pohy as g is a
monomorphism. Therefore h; = hy by the universal property of the pullback.

m

Corollary 3.2.4. Let f : G’ — G be an embedding. Then fp : D' — D is

injective.

Hence embeddings are also injective on internal edges. They need not be

injective on arcs, however.

Example 3.2.5.

Note that here k is identified with j' and &' with j. However, since j' ¢
J(G) no two legs are identified with each other.
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Corollary 3.2.6. Let f : G' — G be an embedding with G’ and G both
connected. Then the composite 9(G) — A’ I As injective.

Proof. First, if G’ is the exceptional edge, we have 9(G’) = {a,a'} and f(a') =
f(a)t # f(a) and so f is injective on J(G’). The same argument holds for if G’
is the exceptional loop, so assume that G’ is neither. Then, as G’ is connected,

we must have i0(G") C s(D’). Hence every map in the composition

(G — s(D') "> D' 2 D % s(D) = (@)

is a monomorphism, and so the composed function is injective. This com-

position is exactly the action of f on 9(G’), as required. O
From now on we write d(f) for the image of (G’) under f.

Lemma 3.2.7. Let f : G’ — G be an embedding of connected graphs, where
J(G") = (). Then f is an isomorphism.

Proof. By connectivity of G to show that fi is surjective it suffices to show
that if v € V is adjacent to f(v') for some v' € V' then v € f(V’'). Let
a € nb(f(v')) be such that a' € nb(v). Then a € t~1(f(v')) and so there exists
ad € D' such that f(d') = a and t/(d’) = v by the étale condition on f.

Then a' = (f(d')T = f(d'"). Since A’ = D', v = t'(d'V) is well defined. We
then have f(v) = f(¥'(d'")) = t(f(d'")) = t(a’) = v. Thus fy is bijective. Thus
so is fp by the étale condition. Finally, as A’ = D’ and f4 = fp is a bijection,

we have that A = D by a simple counting argument. O]

Theorem 3.2.8. If f: G' — G and h: G" — G are in l/??n/b(G) with neither
G’ nor G" the exceptional edge and O(f) = O(h), there is a unique isomorphism
z: G — G" such that f = hz.

Proof. First we show existence. If 9(G’) or d(G”) are empty, f and h are
both isomorphisms by Lemma and so setting z = h™'f works. So for

now we assume that both G’ and G” have non-empty boundary. As h is a
monomorphisms on d(G”) and 9(f) = O(h), we can set z(a) = h7'(f(a))
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for all @ € O(G"). Similarly, set z(a') = z(a)' for all a € 9(G’). Since G” is
not the exceptional edge and z(a) € 9(G”), z(a') € D" and so we can set
z(v) = t"(2(a)), where a' € 9(G’) and v = #/(a).

Now suppose that we have defined z(v) and a € nb(v). Then
f(v) = h(z(v)) € h(V") and similarly f(a) € nb(f(v)). Hence by the
étale condition on h there exists a unique a’ € D" such that h(a') = f(a).
Thus we can set z(a) = @’ and z(a') = z(a)!. Hence if we have defined z at
a vertex v € V' we can also define it on nb(v) Unb(v)!. Similarly, if we have
defined z(a) for a € D’ we can define z(t'(a)) = t"(2(a)) as z(a) € D”. By
connectivity of G’ this process defines a map z : G’ — G” and it is clear that

f=hz.

Now, to see uniqueness, simply note that as hy and fy, are both monomor-
phisms there is at most one function zy such that fiy = hyzy. A similar argu-

ment holds for zp and z4|sc), and so z4 is also unique as A’ = D'UJ(G’). O

Remark. The result also holds if both G" and G” are the exceptional edge. In
this case z is either the identity or .

In light of Theorem , we can see that %(G) contains a large amount
of unnecessary information. We therefore quotient out by the equivalence

relation ~ given by f ~ h if there exists an isomorphism z such that f = hz
to form the set Emb(G).

We are now nearly ready to give the definition of a graphical map. Before

we do, we give a quick preliminary definition

Definition 3.2.9. Let NV denote the free commutative monoid on V. Given
any graph G we can define a function D : Emb(G) — NV by f — Y ey f(v).

Note that as an embedding is an injection on vertices we always have

D(f) < ¥,evv. We can now define a graphical map.

Definition 3.2.10. A graphical map ¢ : G — G’ is given by a pair of functions
wo: A— A and 1 : V — Emb(G’) satisying the following axioms:

40



L EUGVD(SDI(U)) S EwGV’u}

e For each v € V there exists an isomorphism nb(v) — 0p;(v) which
makes the following diagram commute:

i

nb(v) ——— A

I
| lﬂﬁo
+ .

Apr(v)) —— A

e If the boundary of GG is empty then there is an edge v € V such that
©1(v) is not given by embedding an edge

This definition can be interpreted as saying that a subgraph of G’ can
be obtained from G by graph substitution; specifically by substituting the
graph ¢;(v) into the vertex v. To see this, note that the first condition
guarantees that the images of the ¢;(v) are disjoint, just as the result of
substitution would be. Similarly, the second condition guarantees that it is
possible to substitute ¢;(v) into v, as the output edges are in a one-to-one

correspondence. The last condition is to avoid collapse.

Definition 3.2.11. The graphical category U is the category with objects all
Feynman graphs, excluding the nodeless loop, and morphisms the graphical

maps. See [HRY1S8| Theorem 2.27 for a proof that this is in fact a category

Lemma 3.2.12. If ¢ : G — G’ is a graphical map write ¢ (v) = H, — G’ for
the embeddings. Then there is an embedding k : G{H, }vev — G-

Proof. Write

i A, «—— D, ——V,

for H,. Then G{H,},ey has V = [[ Vi, D = [l,cy D, and
A =1],ey Av/ ~ where a ~ a' if a € nb(t(a’)). On V and D we can define k
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by [[,ev #1(v) and we can extend this to A by using .

The first condition in the definition of graphical maps shows that V" — V'’

is injective. Finally, k is étale because each ¢;(v) is. O

Definition 3.2.13. The image of a graphical map ¢ : G — G’ is the embed-
ding k defined in Lemma [3.2.12| and is denoted by im(¢p).

3.3 The stable graphical category

In this section we define stable graphs and modify our graphical category to

make it better suited for studying surfaces.

Recall the original motivation. Each vertex of a graph G should represent
a surface S, where the valence of v is the number of boundary components.
For this to make sense, every vertex should have some genus data on top of

the valence. This leads to labelled and stable graphs.
Definition 3.3.1. An ordering of a graph G is a bijection p : Z/nZ — 9(QG)

Definition 3.3.2. A labelled graph G is a Feynman graph with an ordering p
and a function g : V' — Zso. A labelled graph G is called stable if for every
vertex v € V, 2g(v) — 2 + n(v) > 0, where n(v) = [t7*(v)|. The genus g(f) of
an embedding f : G’ — G is the genus of the domain.

As noted previously, the function g can be thought of as giving the genus
of the vertex v. To expand on that remark, for each v € V let F, be the
surface with genus ¢g(v) and n(v) boundary components. The graph G can
then be thought of as instructions on how to glue these surfaces together.
Specifically, F, and F, will have a pair of boundary components glued
together for every edge in nb(v)t N nb(w).
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Example 3.3.3. The graph

represents the operation of gluing the two surfaces

along their boundaries.

Definition 3.3.4. The genus of a stable graph G is

9(@) = 3 g(v) + Bu(IGI),

veV

where 1 (X) = dimg(H;(X;Q)) is the first betti number of X.

Definition 3.3.5. A stable graphical map ¢ : G — G’ between stable graphs

G and @' is a graphical map that preserves the ordering on legs and satisfies

g(v) = g(p1(v)) for all v € V.
A stable graphical map ¢ : G — G’ is called active if it induces a bijection
I(G) — 9(G").

Lemma 3.3.6. A stable graphical map ¢ : G — G’ is active if, and only if,

im(ip) is an isomorphism.

Proof. Note that the reverse implication is immediate from the definitions.

For the forwards direction, we split into two cases: When G is the exceptional
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edge and when it is not.

For the first case, let {a,i(a)} be the set of arcs in G. Suppose for a
contradiction that ¢ is not an isomorphism. Then there is a vertex v € V'
with an arc b € nb(v) such that i(b) € J(G’'). By the active assumption,
we can also assume that i(b) = pg(a). Then b = ipg(a) = ¢o(ia) so that

b ¢ nb(v), a contradiction.

For the general case, apply Theorem to im(p). O

Corollary 3.3.7. If ¢ : G — G’ is an active stable graphical map ¢(G) =
9(G)

Proof. Simply note that by Lemma 9(G") = gim(p)) = g(G). O

Definition 3.3.8. The stable graphical category Uy is the category with ob-

jects all stable graphs and morphisms the active stable maps between them.

3.4 Special graphical maps and factorization

Here we define inner coface maps and state (without proof) the factorization

theorem for morphisms in Us;.

Definition 3.4.1. Let G be a stable graph and let v € V. An inner coface
map is a graphical map given by substituting a graph H, with one internal

edge into v and corollas into all other vertices.

There are two possible types of inner coface maps. The first is when H,
is a contracted corolla. In this case, H, has one vertex of genus g(v) — 1,
nb(v) legs and one loop. Substituting H, into v can be viewed as ’pulling
out’ the genus in the vertex v. As we will be considering contravariant
functors, this can conversely be viewed as contracting the arcs in nb(v) cor-

responding to the loop and pulling the genus data of the loop into the vertex v.
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Example 3.4.2.

The above shows an inner coface map given by substituting a contracted
corolla into the vertex with genus 2 in the middle graph. Note that this lowers

the genus of this vertex and introduces a loop.

The second case is when H, is a barbell; a graph given by gluing two
corollas together along a single edge. In this case, H, has two vertices u and
w satisfying g(v) = g(u) + g(w). Similarly to before, this can be viewed as
seperating the genus in v into two parts. Conversely, it can be viewed as
contracting the edge connecting u to w and collecting their genus data into

one vertex.

Example 3.4.3.

............ > a—3
b b a

This shows an inner coface map given by substituting a barbell. Note that

this splits up the genus in the vertex.
We have the following factorisation theorem:

Theorem 3.4.4. FEvery morphism in Uy factors as a composition of inner

coface maps followed by an isomorphism.
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Proof. This is just the factorisation theorem in [HRY1S8|]. The outer coface
maps and codegeneracies defined in [HRY18] are not necessary as they are not

morphisms in U;. O

Geometrically, this theorem can be interpreted as saying that every graph
of genus g with n boundary components can be built by substituting barbells

and contracted corollas into the corolla *g,,.

3.5 U, and modular operads

Here we will sketch the relationship between modular operads in a symmetric
monoidal category C and functors U;Y — C. Specifically, we will show that
U, is opposite to I and use this to demonstrate that inner coface maps given
by substituting barbells can be interpreted as operadic composition and those
given by substitution of a contracted star can be interpreted as contraction

maps.

Theorem 3.5.1. U’ is equivalent to T.

Proof. Define a functor F : Ul — T by sending an object (G, p) to the graph
F(QG) consisting of the following data:

e Flag(G) = A.
e The involution o is given by the involution 1.

e The partition A defined by the equivalence relation a ~ a" if a,a’ € nb(v)

for some v € V.

e The ordering on legs is given directly by p.

Next, let ¢ : G — G’ be a graphical map. As ¢ is active, G’ is iso-
morphic to G{H,} for some collection {H,},cv by Lemma [3.3.6, Define
F(¢) : F(G'") — F(G) to be the morphism of graphs given by contracting

46



the subgraphs H,. This is clearly functorial, faithful and essentially surjective.

To see that it is full, first recall that every morphism in I' is a composition
of contractions of edges. Let f: G — G/I be such a map. If I formed a loop
at a vertex v, then f is exactly the image of substituting a contracted corolla
into v. Similarly, if I was not an edge, then f is the image of substituting a
barbell into v. Hence F' is full.

O

Now, recall that modular operads are defined on corollas *,4, and then
extended to general graphs using the tensor product in C. General presheafs
on Uy have no such restriction, making the prospect of interpreting a gen-
eral contravariant functor as a modular operad hopeless. Instead, we retrict

attention to functors which are generated by their values on corollas:

Definition 3.5.2. Let (C,®, ) be a symmetric monoidal category. A con-
travariant functor F' : Uy — C satisfies the strict Segal condition if for all
G € Uy we have F(G) = Qpey F(%,).

Let MC be the category with objects presheafs F' : U’ — C on Uy satis-
fying the strict Segal condition. As mentioned above, MC can be viewed as

an extension of ModC, as shown by the following theorem.

Theorem 3.5.3. Let (C,®, 1) be a distributive symmetric monoidal category
with all finite colimits. Then there is a fully faithful functor F : ModC — MC.

Proof. Let A be a modular operad in C and let F' : U;f — T be the categorical
equivalence defined in Theorem Define F4 to be the composition

ur LS

This is contravariant and satisfies the strict Segal condition. By Corol-
lary a morphism of modular operads n : A — A’ induces a natural
transformation A((—)) — A’((—)) and hence induces a natural transformation
Fy— Fy. Thus A~ Fy is a functor ModC — MC.
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Fullness follows from fullness of F' and Corollary 2.3.3] To see faithfulness
note that the natural transformation 7 is uniquely defined by its value on x*,,
for all g,n > 0. This combined with faithfulness of F' shows that A — Fy is
faithful.

O

Remark. The main obstruction in having this functor be an equivalence is
the lack of an action of ¥, on F(%,,). If we included this information in
the definition of a functor satisfying the strict Segal condition (along with
the necessary equivariance requirements) the functor F' would in fact be an

equivalence of categories.

Another approach is to remove the requirement that morphisms in Uy
preserve the order. In this case we allow automorphisms that just permute
the ordering on legs. We can use this to introduce a ¥, action on F(x,,)
which will also make the above functor into an equivalence of categories. The
problem with this approach is that Theorem |3.5.1| will no longer hold as the

resulting hom sets will be a direct product of the original hom sets with X,,.
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Chapter 4

Homotopy theory and profinite

completions

In this section we review some abstract homotopy theory. We give the segal
conditions for modular operads and discuss when the profinite completion of

a modular operad results in an oo-modular operad.

4.1 The segal core of a graph

In this section we define the Segal core Sc|G| of a graph G. Let Uy [G] be the

representable presheaf Homy,, (—, G).

Definition 4.1.1. Fix a graph G € U,. CC is the category with objects
Ed(G)[JVt(G) and all non-identity arrows a : e — v given by an arc a with
underlying edge e such that t(a) = v.

Next, note that for any corolla %, and an arc a in %, with underlying edge
e there is a natural transformation a : Uy [e] — Uy [*,] given by postcomposing

a morphism G — e with the embedding e < x,,.

This allows us to define a functor F€ : C¢ — Set!st by sending an edge e

to Uy le] and the vertex v to Ug[*,]. The morphism a : e — v is then sent to
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the natural transformation Uy [e] — Uy [*,] defined above.

Definition 4.1.2. The Segal core of G is the U-presheaf

Sc[G] = colim F“
cG
Remark. Embedding vertices into the graph G defines a map Sc[G] — Uq[G]
that identifies the Segal core with the union of Ug[*,]| over all vertices v of G.
If we restrict to the case of a Ug-presheaf in simplicial sets, this (along with
the Yoneda lemma) allows us to identify the mapping space map(Sc|G], X)
with the product of X, over all vertices v in G. This is used in Deﬁnitionm

4.2 Profinite completion

Profinite completion is a fundamental operation in the study of étale funda-
mental groups and so is naturally important in the study of the Teichmiiller
tower. In this section, we recall the definition of profinite completion of a

group and of a space.

First, recall that a pro-object in a category C is a filtered limit of objects in
C. A profinite group is then a pro-object in the category of finite groups Fin-
Group. That is, a profinite group is a filtered system of finite groups, though
we often consider the limit of this diagram. We usually consider these finite
groups as having the discrete topology which then gives a topology on their
limit G. Similarly, a profinite topological space is a space X homeomorphic to

a limit of finite, discrete spaces. We then have the following classical result:

Theorem 4.2.1. A topological group (resp. space) G is profinite if and only

if it is compact, hausdorff and totally disconnected.

Given an arbitrary group G there is a canonical profinite group G with a

morphism G — G.
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Definition 4.2.2. Let A be the set of finite index normal subgroups of G.
The profinite completion of G is defined by the formula

G = lim G/N = {(zx)ven € [] [Xn = Xy (mod N) if N' C N}
NeN NeN

where the limit is taken in the category of topological groups.

There is a morphism G — G given by z — ([z]x)nen where [z]y is the

equivalence class of x modulo N. Clearly this map is injective if and only if

The profinite completion G can also be characterised by a universal prop-

erty:

Theorem 4.2.3. Let G be a discrete topological group. If H is a profinite
group and ¢ : G — H 1is a continuous group morphism, there is a unique

continuous morphism @ : G— H making the following diagram commute:

G 25 H

Proof. Let H = lim

el

F;, where all F; are finite groups. Consider the
composition G — H — F;. This factors as a continuous map G/N; — Fj,
where N; is the kernel of G — F;. Noting that G/N; is necessarily finite, by

precomposing with projection we get a continuous map G — F; for all 4.

Now, suppose that ¢ — j is a morphism in /. The commuting diagram

G y H > F;
N
F;

Tells us that N; O N;. Hence we have a commuting diagram
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G —— G/N; —— F,

~N ]

G/N; —— F;

and so we find that these maps make G into a cone over F;. Thus there is

a unique continuous morphism @ : G — H such that

€

=
—~
—_
N—

%/)
\J

commutes. Furthermore,

—
e (2)
commutes because it commutes on all factors of H. Finally, if a map

G — H makes commute it necessarily makes commute and so by

uniqueness must be equal to @. O

D <—Q

There is a similar concept of profinite sets and simplicial sets. As for
groups, a profinite set is a pro-object in the category of finite sets. The
category of profinite sets is denoted by Set. Given a set X , we can form a
profinite set X similarly for groups. Specifically, X is the limit of X / ~ as the
equivalence relation ~ varies over all equivalence relations such that X/ ~ is

finite. This gives a functor Set — Set.

Similarly a profinite simplicial set is a pro-object in the category of sim-
plicial sets. The category of profinite simplicial sets is denoted by sSet. The

profinite completion X of a simplicial set X : A? — Set is just the composi-
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tion A % Set — Q.

4.3 Good groups

In this section we define goodness for groups. The importance of the concept
in this thesis is due to Theorem which says that products of spaces with

good homotopy groups interacts well with profinite completion.

Definition 4.3.1. A group G is called good if given any finite G-module M
the map G — G induces isomorphisms Hq((/;\, M) — HY(G, M) for all ¢ > 0.

The following theorem gives the primary motivation for the use of good

groups in this thesis.

Theorem 4.3.2. Let X and Y be spaces such that m;(X) and m;(Y") are good

—

for allv > 1, then the map X XY — XxYisa homotopy equivalence.
Proof. See proposition 3.9 in [BABHR1S] O]

Now we present some basic results about good groups, which can be found
in [GJ-ZZ08].

Lemma 4.3.3. Let G; and G5 be good groups. Then G x G5 is good.
Proof. See [GJ-ZZ08] Proposition 3.4 O

Theorem 4.3.4. Let H be a group. Suppose there exists a short exact sequence

1 s N s H s G > 1

such that G and N are good, N s finitely generated and H1(N, M) is finite
for all finite H-modules M. Then H s good.

Proof. See [GJ-ZZ08] Lemma 3.3 O

Lemma 4.3.5. Let G be a group such that K(G,1) has finitely many cells
in every dimension. Then the cohomology groups H%(G, M) are finite for all
finite G-modules M.
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Proof. Choose a particular model for K(G,1) and let EG be the correspond-
ing universal cover. Let C.(FG) be the augmented cellular chain complex
of EG. C.(EG) then has a free action of G induced by the action of G on
EG. As EG is contractible, this makes C,(EG) into an exact sequence of free
Z|G]-modules, ending in the trivial Z[G]-module Z.

Thus the cohomology groups HY(G, M) is the cohomology of the chain
complex Homgze(Cw(EG),M). Note that C,(EG) is finitely generated
as a Z|G]-module; its rank is the number of n-cells in K(G,1). Hence
Homge(Cr(EG), M) is finite if M is finite. Thus H(G, M) must be finite

as it is a quotient of a subgroup of a finite group. O

Remark. In particular, Lemma shows that if K(N,1) is finite we only
need to check that N is good to apply Theorem[4.3.4] In particular, we will use
this for finitely generated free groups, whose classifying spaces are wedges of
circles, and for surface groups whose classifying spaces are the corresponding

closed surfaces.

4.4 oo-modular operads

Here we define oo-modular operads and give some situations when the profinite
completion of a strict modular operad in simplicial sets gives an co-modular

operad.

Definition 4.4.1. A Segal co-modular operad in sSet is a presheaf P : Uy —

sSet which satisfies the following three axioms:

e X, is contractible, where [ is the exceptional edge
e X is fibrant for all graphs GG. That is, X4 is a Kan complex.

e The map X¢ — [],o X+, is a weak equivalence of simplicial sets.

veV

Remark. This is equivalent to saying that X is fibrant in a particular model
category structure on the presheaf category sSet”s’ . See [HRY 18] Theorem

4.10 for more details.
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Theorem 4.4.2. Let X be a Ug-presheaf satisfying the strict Segal condition
in the category of groups Grp and let B : Grp — sSet be the classifying space
functor. Suppose that X is good for all graphs G and X; = e where e is the

trivial group. Then the profinite completion of BX is an oo-modular operad.

Proof. 1t is a result in [QuiO8] that if H is a good group, BH ~ BH. Hence

B/\XG is fibrant for all G as classifying spaces are fibrant.

Next, recall that the classifying space BH satisfies m(BH) = H) and
mi(BH) = 0 for i > 1. Hence if H is good all homotopy groups of BH are
good. Thus by Theorem the map

BXe = [[ BX., - [[ BX.

veV veV

is a weak equivalence, as required.

Finally, note that Be is the simplicial set given by Beg = {e}, and B{e}; =
{e g g e} for i > 0. The profinite completion of Be is then just Be, which

is contractible. O
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Chapter 5

The functor I

In this section we construct a functor T' : ;Y — Grpd using a modification

of Tillmann’s higher Genus surface operad.

5.1 The groupoids S,

In [Ti100], Tillmann constructs a groupoid Sy, 1 and uses them to form an op-
erad called the higher genus surface operad. The construction presented here is

simplified as our definition of a cyclic operad does not include the unital axiom.

Definition 5.1.1. Let S be a surface with n boundary components. An

ordering p of S is a bijection p : Z/nZ — m(95S).

Now, given two labelled surfaces (Sy,,p) and (Fjm,p) we can form a
new labelled surface (S;,,0ijFhm,p 0 p') given by pasting the ith boundary
component of S, ,, to the jth boundary component of Fj,,,. As elements of
the mapping class group are isotopy classes of homeomorphisms that fix the
boundary, by viewing the original surfaces as submanifolds, we get a map

SR Fg,n X Fh,m — Fg+h,m+n—2-

Note that there are several problems with the above discussion. For one,

we clearly cannot consider all surfaces of genus g with n boundary components
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as then we would not have a set of objects. Furthermore, we cannot just
arbitrarily choose one surface for every g and n as then gluing our choices of
surface S, ,, and S, may not produce the surface we chose for Sy p nim—2.
To fix this, we instead only fix small atomic surfaces. All other surfaces can

be built up by gluing these together.

To make the above rigorous, fix a surface of genus 0 with three boundary
components (referred to as a pair of pants) and call it Fj3 and give it an
ordering p;. Similarly, fix a surface of genus 1 with 2 boundary components
Fy 5 and a disk Fp; with orderings p; and ps respectively. Also, fix some €
and embeddings ¢! : S' x [0,6) — Fy3 such that ¢}(S* x {0}) is the ith
boundary component of Fy3. Similarly set embeddings ¢? : S* x [0,¢) — Fi
and ¢} : S* x [0,€) = Fp ;.

We can glue these surfaces together using the relations given by qﬁ?‘(qﬁ?)_l.
To be precise the result of gluing the ith boundary component of S to the jth
boundary component of F' is S]] F/ ~q, where the equivalence relation ~,

is defined by x ~, y if x is an element of the ¢th boundary component of S
and y = ¢} o (¢7 ().

We can also allow gluing the boundary components of the same surface
together. In this case the result would be S/ ~g where ~j is given by z ~j3 y
if x is in the ith boundary component of S and y = qbf o (¢ H(x).

Definition 5.1.2. We define a collection of groupoids {S},,>0 as follows: If
29 —2+n <0 then S,,, = 0. Otherwise the groupoid S, ,, has objects (.5, p)
where S is a surface of genus g with n boundary components constructed by
gluing atomic surfaces as in the above discussion and p is an ordering of the

boundary components of S.

Morphisms in S, are given by isotopy classes of homeomorphisms which
fix the boundary components point-wise (with respect to the identification

given by ¢,¢; ') and preserves the orderings.
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Note that the full subcategory with one object (S, 0) is a skeleton of S,
and its hom set is given by the mapping class group I'y ,,. Hence the inclusion
of this subcategory into S;, is an equivalence of categories. Then as the
nerve functor is a Quillen adjunction (and since all categories are fibrant)

the classifying space of S, is weakly equivalent to the classifying space of I' ,,.

5.2 Operadic composition and contraction

maps for S, ,

As described at the start of this section, there are natural maps o;; : S, X
Shim = Sgthntm—2. These send a pair ((S, p), (F, p')) to the surface given by
gluing the ith boundary component of S to the jth boundary component of
F. The ordering is given by following p until i, then following p’ and then
following the rest of p. That is,

p(k) 0<k<i
(poij P ) k)= pk—i+j) i<k<i+m
p(k —m) i+m<k<m+n
Note that both S and F' are subsurfaces of the resulting surface.
On morphisms, o;; sends a pair ([f],[g]) to the isotopy class of the
isomorphism that acts as f on the subsurface S and as g on the subsurface F'.

This is well defined because both f and g act as the identity on the boundary
of S and F.

This is the operadic composition for S,,. These turn S, = Hg>0 Sgnt1

into a stable graded cyclic operad.

Lemma 5.2.1. {S},>¢ is a stable graded cyclic operad.
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Proof. Recall that ¥, acts on an element (S,p) € S, = [[,50Sgn+1 by

permuting the non-zero labels.

First, we show that {S,},>0 is indeed an operad. To define the com-
position maps o;, note that S, x S,, = gh>0 Sgn+1 X Spmt1.  Then
consider og; : Sgn X Spm — Sgihnim—2. Composing with the inclu-
sion Sginntm—2 <+ Spim-1 and summing over all g,h we get a map

0; : S, X S, — Sn+m—1~

Now we need to verify that these maps make {S,, },,>0 into a cyclic operad.
Let (S, p) € Sy, (F,p') € Sy, 0 € 3, and 7 € 3,,,. Suppose we glue the o(i)th
boundary component of ¢S to the 0th boundary component of wF. That is,

consider the surface (0.5) oy (7F)

Now suppose that j is such that 1 < j < i and o(j) < o(i). In
this case, the jth boundary component of (05) o, (7F') is simply the
o(j)th boundary component of S o; F. If instead o(j) > o(i), the jth
boundary component of (05) o, (7F) comes after the boundary compo-

nents of 7F and so must be the (¢(7)+m—1)th boundary component of So; F'.

If we have that ¢« < 57 < 7+ m then the jth boundary component of
(05) 0g(y (TF) lies in 7F and is given by going j — ¢ 4+ 1 places past o(i) — 1.
Thus it must be the (o(i) + m(j —i+ 1) — 1)th boundary component of So; F.

Next suppose that j is such that i +m < j <n+m and o(j) < o(¢). The
jth boundary component of (05) oy (7F) is then before the ith boundary
component of ¢85 it is given by going j — m + 1 places past 0. Hence the
jth boundary component of (0.5) o, (7F) is the o(j — m + 1)th boundary
component of S o; F. If o(j) > o(i), this boundary component is past mF,
and so is shifted ahead m — 1 places. Hence the jth boundary component
of (05)0g() (mF) is the (o(j —m+1)+m—1)th boundary component of So; F'.
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Thus (05) 05y (TF) = (0 0; )(S 0; F') and the first axiom of an operad is

verified.

For the second, let (S,p) € Sk, (F,p') € § and (K, p") € S,,. Suppose
that ¢ and j are such that 1 < ¢ < j < k. Consider the (j 4+ — 1)th boundary
component of the surface S o; F'. This is past the boundary components of F',
and can be seen to be the jth boundary component of S. Hence if we glue the
Oth boundary component of K to this boundary component, we are essentially
gluing the root of K to the jth boundary component of S. The surface F' is

still attached to the ¢th boundary component of the resulting surface, however.

Hence the second axiom is verified. The third is entirely similar to the
second, so we now move on to show that not only is {5, },>0 an operad, it is

also a cyclic operad.

The ¥, action on S, is given by permuting all labels. Let (S,p) € S,
and (F,p') € Sy, Recall that 7 = (01..n) € ¥,;. The root of 7.5 is the nth
boundary component of S, and the first boundary component of 7F' is the
root of F. Hence (TF) oy (75) is equal to 7(S o, b) and {S, },>0 is indeed a

cyclic operad.

Finally, note that {S},>0 is by construction graded and stable. O

Recall from Theorem that a modular operad is a graded operad with
contraction maps &;; : Sy, — Sgi1n—2. These contraction maps are defined
similarly to the operadic composition. Specifically, &;;(.S) is the surface S/ ~g

described in the previous section.
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Theorem 5.2.2. Let X, act on S,,, by permuting labels. Then this action
along with the composition and contraction maps make S into a modular operad

i Grpd.

Proof. By Theorem and Lemma [5.2.1| we simply need to show that the
contraction maps satisfy the relations given in Theorem [2.4.4] That is, we

need to show the following:

e The & ; are equivariant

e For any finite set  and distinct elements 4, 7, k, [ € I we have §; ;o0& =

€k 0 &ij
o [f (S, p) c Sn and (F, p/) € Sm then 61,2<S On, F) = (51,28) On F
e With S, F' as before, we have &, ,41(S o, F) = S o, (§12F)

e With S, F as before, we have &, 1 (S0, F) = &nim—2ntm—1(S0n_17 1 F)
where 7 = (01...n) € ¥,,;.

To verify that the contraction maps satisfy the relations from Theo-
rem first note that & ; is clearly equivariant. The second relation is

similarly clear.

For the rest, let (S,p) € S, and (F,p') € S,,. The first and second
boundary components of S o, F' are just the first and second boundary
components of 5, and so & 2(S o, F') = (§125) o, F. The n and (n + 1)th
boundary components of So,, F' are the first and second boundary components
of F, and s0 &, ,41(S 0, F)) = S 0, (&12F).

Finally, consider &,_1,(S o, F'). Here we are gluing the (n— 1)th boundary
component of S to the first boundary component of F'in S o,, F'. Note that
S 0,1 7 'F is the result of gluing the (n — 1)th boundary component of S
to the root of 77'F, which is just the first boundary component of F'. The
(n + m — 2)th boundary component of S o, ; 77'F is the mth boundary
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component of 771 F which is just the root of F. Similarly the (n +m — 1)th
boundary component of S o,,_; 77'F is the nth boundary component of S.

Hence we can see that &, 1,(S0, F) = &nim—2n4m-1(S0,_17 1 F) as required.

Thus we have shown that {S,},>0 is a stable graded cyclic operad with
contraction maps that satisfy the relations from Theorem [2.4.4. Hence it is in

fact a modular operad, as desired. O

Definition 5.2.3. The functor T' : UyY — Grpd is given by applying the
construction in Theorem to the modular operad in Theorem [5.2.2]

Expanding on this definition, we have that I'(G) = ®,cvSyw),o- If
f : Go — G is given by substituting a barbell, I'(f) is the corresponding
composition map o;;. Similarly if f : Gy — G is given by substituting a

contracted star, I'(f) is given by the contraction maps & ;.

Corollary 5.2.4. The functor I' restricted to the subcategory of Uy whose
objects are all trees gives a cyclic operad, which we denote by I'y. This is

called the genus 0 surface operad.

Proof. This is essentially just Corollary [2.4.3] m
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Chapter 6

Profinite completion and an

oo-cyclic operad

In this section we compose the functor I' with the classifying space and profi-
nite completion functors to obtain a functor BT : U — sSet. Profinite
completion will cause the resulting functor to fail to be modular. We will

show, however, that éﬁo is an oo-cyclic operad.

6.1 (Goodness of mapping class groups

In this section we outline the current progress on proving that mapping class
groups of surfaces are good. Specifically, we shall provide a proof that the

mapping class groups are good for genus less than 3.

Definition 6.1.1. A group G is called fully residually free if for all finite
subsets X C G such that 1 ¢ X there is an epimorphism ¢ : G — F, where
F is free, such that 1 ¢ ¢(X). Equivalently, there exists a normal subgroup
N < @G such that G/N is free and X N N = 0.

A limit group is a finitely generated fully residually free group.

We need the following two theorems about limit groups:
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Theorem 6.1.2. Limit groups are good.
Proof. See [GJ-ZZ08], Theorem 1.3. O

Theorem 6.1.3. Let F' be a finitely generated free group and ¢ : F — F an
automorphism. Then if u € F is not a proper power, the free product with

amalgamation F *,—,) ' is a limit group.
Proof. See [CGO5], Corollary 3.6. O

Limit groups also behave well with respect to taking subgroups
Lemma 6.1.4. Finitely generated subgroups of limit groups are limit groups.

Proof. Let G be a limit group and H a subgroup. Let X C H be any finite
subset and let N < G be a normal subgroup such that N N X = (). Then
NN H is normal in H and as G/N is free and H/NNH < G/N, we have that
H/N N H is free. Thus, since H is finitely generated by assumption, H is a
limit group. [

Lemma 6.1.5. m(S5,,) are limit groups for all g,n > 0, where S, is the
orientable surface of genus ¢ and n boundary components. In particular, they

are good.

Proof. As fundamental groups of surfaces are finitely generated it suffices to
show that they are fully residually free by Theorem [6.1.2] Note that for n > 0

this is trivial as m(S,,) = Fygn_1 since S, ,, ~ v2tn-151,

Thus we only need to prove the result for closed surfaces S,. For g = 0,1
the result is again trivial. For g > 2, note that as S, is a (¢ — 1)-fold covering
space of Sy, m(S,) is a subgroup of m;(S2). Thus by Lemma it suffices
to prove the result for g = 2.

To see this, simply note that 7 (S2) = (a1, b1) *[a1 b1]=[bs,as] (D2, G2). Thus
by Theorem [6.1.3] m1(S>) is a limit group. O
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Recall the Birman exact sequence:

Push, 11 a
1 —— m(Spp) 28Tl 0T 1

This allows us to prove that goodness of the general mapping class group

is determined by goodness of the mapping class groups of closed surfaces.
Theorem 6.1.6. If 'y is good then Ty, is good for all n > 0.

Proof. This is a simple case of induction using the Birman exact sequence
and Theorem [4.3.4] Specifically, by Lemma the fundamental groups of
surfaces are good and by Lemmathe cohomology groups H(m1(Sy), M)
are finite if M is finite. Hence Theorem [4.3.4] applied to the Birman exact

sequence gives that F;n is good.

Next, note that there is an exact sequence

1 > (T,) » g1 —— Iy, —— 1

where 7T, is a Dehn twist around a boundary component of Sy ,.i. Since
[y ni1 is torsion free, (T,) = Z. Since S', the classifying space of Z, is finite,

applying Theorem and Lemma once more gives that I'y 41 is good.
O

Hence to show goodness of mapping class groups we only need to consider
the case of a closed surface. As an application of this principle, we can show

that mapping class groups of surfaces with genus less than 3 are good.
Corollary 6.1.7. The mapping class groups I'y,, are good if g < 2.

Proof. First, note that Z/27Z is good because Z//Q\Z =~ 7/27Z. Also, the
classifying space of Z/27Z is RP>, which has exactly one cell in every
dimension. Hence by Lemma the cohomology groups H(Z /27, M) are
finite for any finite Z/2Z-module M.
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Now, I'g is the trivial group and is clearly good. Hence I'y, is good for

all n by Theorem[6.1.6] Furthermore, by Theorem 1.1 in [GJ-ZZ08|, PSLy(Z)
is good. This implies that SLy(Z) is good as SLy(Z) is a central exten-
sion of PSLy(Z) by Z/2Z. Hence I'1 o = SLy(Z) is good and so is I'y ,, for all n.

Finally, theorem 5 in [BH73] shows that there is an exact sequence

1 —— Z/27 > T'§ > IS 1

Hence we have that ' is good as I'§ is. Since I'y9 = T'J, we have that I'y g

is good and hence that I'y,, is good for all n > 0. [

6.2 The profinite completion of BI'

Recall from the introduction that we would like the profinite completion
of BI' to be a model for the Teichmiiller tower. Specifically, we want the

profinite completion of BI' to be an oco-modular operad.

The main obstruction to proving this is that we do not know whether
the mapping class groups for g > 2 are good. There are several approaches
one could take; invoking more general theory or playing with adjoint functors
as in [Qui08] to show that the profinite completion has the automorphisms
of an oo-modular operad, which suffices for the intended application to

Grothendieck’s esquisse d’un programme.

Instead, we opt to prove a weaker result using the more elementary methods
available in this thesis. We know that the genus 0 mapping class groups are
good, which allows us to prove that the profinite completion of the genus 0
surface operad (defined in Corollary is an oo-cyclic operad.

Theorem 6.2.1. EFO 15 an oo-cyclic operad.

Proof. This is almost entirely similar to the proof of Theorem First,
recall from Lemma that finite products of good groups are good. Hence
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Iy = [],ev I, is good for all trees 7. Thus EF\T is fibrant for all trees T'
as it is the classifying space of [[ ., I's,. Also, I'; is the trivial group and so

E—\F[ is contractible.

Finally, we also have

BFT_HBF HBF

veV veV

by Theorem Thus Eﬁo is an oo-cyclic operad. O

Remark. Tt is worth noting that the proof of Theorem will work exactly
the same for higher genus if it were proven that Iy, is good for all g and n.
Hence if it were proven that I'yo is good for all ¢ > 0, we would have that
BT is an co-modular operad, as desired for its applications to the Teichmiiller

tower.
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